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FORMAL MATRICES AND RINGS CLOSE TO REGULAR
A. N. Abyzov and A. A. Tuganbaev UDC 512.552
Abstract. This paper contains new and known results on formal matrix rings close to regular. The main
results are given with proofs.
1. Preliminaries
All rings are assumed to be associative and with nonzero identity element; all modules are assumed
to be unitary. Let R1, R2, . . . , Rn be rings and let Mij be (Ri, Rj)-bimodules such that Mii = Ri for all
1 ≤ i, j ≤ n. In addition, let ϕijk : Mij ⊗Rj Mjk → Mik be (Ri, Rk)-bimodule homomorphisms such that
ϕiij and ϕijj are canonical isomorphisms for all 1 ≤ i, j ≤ n. We set a ◦ b = ϕijk(a⊗ b) for a ∈ Mij and
b ∈ Mjk. We denote by K the set of all n×n matrices (mij) with elements mij ∈ Mij for all 1 ≤ i, j ≤ n.
It is easy to verify that K is a ring with respect to ordinary operations of addition and of multiplication
if and only if a ◦ (b ◦ c) = (a ◦ b) ◦ c for all a ∈ Mik, b ∈ Mkl, and c ∈ Mlj , 1 ≤ i, k, l, j ≤ n. The obtained
ring K is called a formal matrix ring of order n; it is denoted by K({Mij} : {ϕikj}). If
K =
(
R M
N S
)
are formal matrix rings of order 2, then the ordered family (R,S,M,N,ϕ, ψ) is called a Morita context
or a pre-equivalence situation.
The formal matrix ring K({Mij} : {ϕikj}) of order n, in which Mij = R for all 1 ≤ i, j ≤ n, is called
a formal matrix ring over R of order n; it is denoted by Kn(R) or Kn(R : {ϕikj}). For a formal matrix
ring Kn(R : {ϕijk}) over R of order n, we set ηijk = ϕijk(1 ⊗ 1) for all 1 ≤ i, j, k ≤ n. Then a ◦ b =
ϕijk(a⊗ b) = ηijkab for all a, b ∈ R. For every a ∈ R, we have aηijk = ϕijk(a⊗ 1) = ϕijk(1⊗ a) = ηijka.
Therefore, ηijk ∈ C(R), and the following conditions hold:
(1) ηiij = ηijj = 1, 1 ≤ i, j ≤ n;
(2) ηijkηikl = ηijlηjkl, 1 ≤ i, j, k, l ≤ n.
The ﬁrst condition holds, since ϕiij and ϕijj are canonical isomorphisms. Since the operation ◦ is
associative, we have ηijk ηikl abc = ηijl ηjkl abc for all a, b, c ∈ R. By setting a = b = c = 1, we obtain
the second condition. For every family {ηijk | 1 ≤ i, j, k ≤ n} of central elements of R satisfying the
ﬁrst condition and the second condition, we can set ϕijk(a ⊗ b) = ηijkab for all a, b ∈ R. It is directly
veriﬁed that Kn(R : {ϕikj}) is a formal matrix ring over R of order n. Therefore, the formal matrix ring
Kn(R : {ϕikj}) is uniquely deﬁned by the family {ηijk | 1 ≤ i, j, k ≤ n} of central elements. In this case,
the formal matrix ring Kn(R : {ϕikj}) is denoted by Kn(R : {ηikj}).
Let R be a ring and let β1, . . . , βn ∈ C(R) with n ≥ 2. We deﬁne ηijk for all 1 ≤ i, j, k ≤ n by the
relation
ηijk =
⎧⎪⎨
⎪⎩
1 if i = j or j = k,
βj if i, j, k are distinct,
βiβj if i = k = j.
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